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Let @, b, e be any real numbers such that a® + b +¢* =9 Prove that

3-min{a b ¢} < 1+ abe

Solution by Arkady Alt, San Jose, CA, USA, modified by the editor.
Without loss of penerality, we may assume @ < b < o We want to

prove the ineguality abe +1 > 3a
1f o <0 then using the inequality be < é{b’* + &%), we obtain

abc+1—3a > albe|—3a4+1 2 Ja(p® +cf)-3at1
= La(9-a?)—3a+1 = Ha+1)}(2-a) 2 0,

with eguality it and only ife = -1 andb=c=12

Mow, lete > 0 Sincea < b < e weget 9 =a2 + b2 422 > 30
whence, @ < '3 We have the ohvious ineguality (c® — a?)(b? — a?) > 0,
which yields

be = a.-\.f(c2+h2— e aﬂﬂ—?un
Hence, it suffices to prove the (stronger) ine guality
alay0—2a%)4+1 > 3a
1f0< a<1 then 9 —2af > /T > %: thus, 4a2+4/0 — 2a? > 9a?

Using the inequality (¢ 4 l}3 > 4t we obtain
(a®V9—2a7 +1)° > 4a%/0—2a% > 9a?,
which yields
a{nw,.-’ﬂ —2:12:] +1 > 3a

1t1 < a < /3 thenwe can prove an equivalent form of our inequality,
mamely, the one ohtained by sguaring hoth sides of

a(ay'd —2a?) > 3a—1;
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that is,
260 —0a' 4+ 902 —6Ga+1 < 0

We have

2a% —9a' 4 00 —Ba+1 < 2a®—0a'4 9 -5

(2a? — 1){a® —1){a® —3) — (a® 4+ 2)
< 0,

which completes the proof
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